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Abstract
In this note, we use the disformal transformation to induce a geometry from the manifold which
is originally Riemannian. The new geometry obtained here can be considered as a generalization of
Weyl integrable geometry. Based on these results, we further propose a geometry which is naturally
a generalization of Weyl geometry.
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I. INTRODUCTION
Disformal transformation was first introduced by Bekenstein as a generalization of usual
conformal transformation in theories of gravity [1]. Unlike the conformal transformation
where only a positive definite functional of scalar field is involved, the covariant derivatives
of scalar field are also needed to define the disformal transformation of metric. This kind
of transformation has been applied to various areas including varying speed of light models
[2], inflation [3], relativistic extensions of modified Newtonian dynamics paradigm [4], dark
energy models [5] and dark matter models [6–8]. Furthermore, as generalized scalar-tensor
theories with second order field equations, Horndeski theories have been extensively studied
in recent years [9–11](for even more general, but healthy, scalar-tensor theories and their
further important developments, see [12–14]). Interestingly, they are shown to be invariant
under a special class of disformal transformations [15]. By introducing some constraints,
this result can be extended [16]. For a sample of recent developments concerning disformal
transformation, see [17–27].
On the other hand, it is known for a long time that Weyl integrable geometry [28] has
intimate relations with conformal transformation [30, 31]. Accordingly, in the context of
scalar-tensor theories of gravity including Brans-Dicke theory, the frames issue and scale in-
variance issue have always been the focus of debate. A new viewpoint introduced by Quiros
et al. [32, 33] is that the resolution of these physical questions depends on how we assign the
affine structure to the underlying spacetimes. A strict equivalence between Jordan’s frame
(JF) and Einstein’s frame (EF) requires us precisely incorporate the Riemannian struc-
ture of the starting spacetime (in which the scalar-tensor theory lives) through conformal
transformation into the new geometry, and this operation will inevitably cause the initial
Riemannian spacetime to change into Weyl integrable geometry after conformal transforma-
tion. This point of view takes advantage of a well-known fact that Weyl integrable geometry
and Riemannian geometry can be transformed into each other by appropriate Weyl rescal-
ings, thus they in fact describe the same spacetime but with different gauge, see [34] for a
well demonstration on this issue.
In history, Weyl integrable geometry was proposed to get rid of the second clock effect,
and its tight connection to Riemannian geometry comes from careful investigation of it-
self. However, as will be show evidently in Section III, Weyl integrable geometry can be
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induced from Riemannian geometry by conformal transformation entirely without any a
priori knowledge of the so-called Weyl integrable geometry. With this observation in mind,
a natural question to ask is: what new geometry will be induced if we implement disformal
instead of conformal transformation to the metric in the original Riemannian geometry?
A clear answer to this question may bring benefits in twofolds. The most direct benefit
is, mathematically, it will give us new geometry whose importance needs further study.
Physically, it may help to understand the equivalence between disformal frames and EFs in
Horndeski theories [9, 10], just as what has happened in usual scalar-tensor theories, and
this is important for our understanding of the most general scalar-tensor theories. Thus, in
this work, we would like to investigate this problem and figure out what geometry will be
induced from disformal transformation.
The outline of this paper is as follows. In Section II, we review the conceptional basis of
Weyl and Weyl integrable geometry in some detail. In Section III, we firstly show in detail
how to induce Weyl integrable geometry from Riemannian geometry by conformal transfor-
mation, from which we extract a general and explicit strategy for our further investigation.
After the foundation is laid, we then focus on the special disformal transformation and ob-
tain a new induced connection. The corresponding gauge transformation is also derived. We
conclude our discussions in the last section.
II. A BRIEF REVIEW OF WEYL INTEGRABLE GEOMETRY
Weyl geometry was proposed by Weyl in 1918 as an attempt to unify gravity with electro-
magnetism [28]. While the metricity condition of Riemannian geometry reads as ∇µgαβ = 0,
the Weyl nonmetricity condition reads
(W )∇µgαβ = ωµgαβ. (1)
Here ωµ denotes a 1-form field known as gauge vector field, and
(W )∇µ is the Weyl covariant
derivative whose affine connection (Weyl connection) is
(W )Γλαβ =
{λ
αβ
}
−
1
2
(δλαωβ + δ
λ
βωα − gαβg
λσωσ), (2)
with
{λ
αβ
}
the Levi-Civita connection in Riemannian geometry.
Roughly speaking, Weyl’s idea to unify gravity with electromagnetism in the framework
of Weyl geometry is to interpret the gauge vector field ωµ just as the electromagnetic field.
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However, the presence of ωµ causes the length of a vector, i.e. l =
√
gαβlαlβ , to vary point
to point as dl
l
= 1
2
ωµdx
µ. Thus, its length will generally take a different value after the
vector has been parallel-transported in a closed path: l = l0 exp
¸
ωµdx
µ. As pointed out
by Einstein, this would phenomenally lead to a broadening of the atomic spectral lines for
electrons immersed in the ωµ field. Since this so-called ”second clock effect” has not been
confirmed experimentally, Weyl geometry was considered not physically viable.
To make a way out of this dilemma, Weyl subsequently proposed a particular class of
Weyl geometry later known as Weyl integrable geometry. This entails that the gauge vector
field ωµ is now restricted to be an exact form which can be described by the derivative of a
scalar field φ, i.e. ωµ ≡ ∂µψ. Then (1) and (2) will take the following form
(WI)∇µgαβ = ∂µψ · gαβ, (3)
(WI)Γλαβ =
{λ
αβ
}
−
1
2
(δλα∂βψ + δ
λ
β∂αψ − gαβg
λσ∂σψ). (4)
By construction the length of a vector is invariant when it is parallel-transported along a
closed path, because the Stokes’s theorem ensures that l = l0 exp
¸
∂µψdx
µ = l0.
It is obvious that no torsion is present in Weyl and Weyl integrable geometry since
the two lower indices of the Weyl connection are symmetric. Furthermore, an important
feature of Weyl geometry is that (1) and (2) are invariant under the following simultaneous
transformations in gαβ and ωµ, also known as Weyl rescalings or Weyl gauge transformation:
g¯αβ = Ω
2gαβ, ω¯µ = ωµ + 2∂µ ln Ω. (5)
Note that besides the conformal transformation, Weyl rescalings also involve the transfor-
mation of ωµ. Weyl integrable geometry has the similar characteristic except the Weyl
rescalings now take a simpler form as
g¯αβ = Ω
2gαβ, ψ¯ = ψ + 2 lnΩ. (6)
It can be verified that this connection (4) is also invariant under Weyl rescalings.
Thus in Weyl (or Weyl integrable) geometry, the metric gαβ and gauge vector ωµ (or ∂µψ)
in fact represent an equivalence class of metrics and gauge vectors. Two given pairs, (gαβ, ωµ)
and (g′αβ, ω
′
µ), are in the same equivalence class if they are related to each other through
Weyl rescalings defined by (5) or (6). Thus, for any given Weyl integrable geometry with
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pair (gαβ, ψ), one can always choose Ω = e
− 1
2
ψ in the Weyl rescalings, then the definition
(3) for Weyl integrable geometry turns into
∇µg¯αβ = 0, (7)
Γλαβ =
{λ¯
αβ
}
=
1
2
g¯λσ(∂αg¯βσ + ∂β g¯ασ − ∂σ g¯αβ), (8)
which defines a Riemannian geometry. The concern is, since the pairs (gαβ, ψ) and (g¯αβ =
e−ψgαβ, ψ¯ = 0) are in the same equivalence class, they actually define the same geometry
but only with different gauges.
III. INDUCED GEOMETRY FROM DISFORMAL TRANSFORMATION
A. The case of conformal transformation
Before we settle down to induce geometry from Riemannian geometry by disformal trans-
formation, it’s helpful to start with a simpler example for the clarification of concepts and
fixing conventions, thus we want to show how is Weyl integrable geometry induced by con-
formal transformation here.
It’s apparent from Section II that, from Weyl integrable geometry, one can get a Rieman-
nian geometry by appropriate Weyl rescalings. However, this process certainly depends on
our knowledge about the Weyl integrable geometry. If one has no a priori knowledge of the
so-called Weyl integrable geometry, can she/he induce it from the mere knowledge about
the starting Riemannian geometry?
To answer this question, we start from the metricity condition and corresponding Levi-
Civita connection for Riemannian geometry which are
∇µgαβ = 0, Γ
λ
αβ =
{λ
αβ
}
=
1
2
gλσ(∂αgβσ + ∂βgασ − ∂σgαβ). (9)
Then, we do conformal transformation to the metric. We stress that this operation should
not be treated as new input to the theory, but a change of units [29]. For later convenience,
we denote the conformal transformation as
g¯αβ = A(φ)gαβ, (10)
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with A(φ) a positive definite function of scalar field φ. Now, a simple calculation can be
done as follows:
∇µgαβ = 0 = ∇µ
(
A−1g¯αβ
)
= −A−2Aµg¯αβ + A
−1∇µg¯αβ, (11)
with Aµ = ∇µA. Then, rearranging (11) appropriately, we arrive at
∇µg¯αβ = ∂µ(lnA) · g¯αβ. (12)
Furthermore, we can also rewrite the Levi-Civita connection for gαβ in the new field variable
g¯αβ as
{λαβ} = {
λ¯
αβ} −
1
2
[
δλα∂β(lnA) + δ
λ
β∂α(lnA)− g¯αβ g¯
λσ∂σ(lnA)
]
, (13)
with {λ¯αβ} the Levi-Civita connection corresponding to g¯αβ. It’s also easy to check that, the
new nonmetricity condition and connection are invariant under simultaneous transformations
in g¯αβ and lnA:
g¯αβ = B(ϕ)g¯αβ , ln A¯ = lnA+ lnB. (14)
Now it’s obvious that, if we denote ψ = lnA, Ω2 = B and rewrite g¯αβ as gαβ for
convenience, (12)-(14) are exactly the same as (3) and (6) for Weyl integrable geometry.
The crucial point is that the new nonmetricity condition (12) is totally and exclusively
induced from the starting metricity condition (9) for Riemannian geometry without any
new input and any new constraint, so is the new connection. It is in this sense that we call
Weyl integrable geometry an ”induced geometry”.
B. Nonmetricity condition and affine connection
Now we start to induce new geometry from disformal transformation by the method we
have demonstrated and investigated in detail. The disformal transformation introduced by
Bekenstein [1] has the following form:
g¯αβ = A(φ,X)gαβ +B(φ,X)φαφβ, (15)
where X = 1
2
gαβφαφβ. Recently it has been shown in [15, 16] that Horndeski theories are
invariant under the special disformal transformation
g¯αβ = A(φ)gαβ +B(φ)φαφβ. (16)
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This will be the starting point of our subsequent discussions.
The goal we want to achieve is to derive a new (non)metricity condition from Riemannian
geometry. This process must be conducted without any new input or any new constraint to
insure the induced geometry is faithfully induced from the starting Riemannian geometry by
disformal transformation. With these considerations, we treat (17) as a complicated version
of change of units, i.e., it does not introduce new input or new constraint into the theory.
Then, we start with two equations which can be derived from (16) that
gαβ =
1
A
g¯αβ −
B
A
φαφβ, (17)
gαβ = Ag¯αβ +
AB
1− 2BX¯
φ¯αφ¯β, (18)
where X¯ = 1
2
φµφν g¯
µν and φ¯µ = φν g¯
νµ.
Then, a simple calculation can be done as
∇µgαβ = 0 = ∇µ(
1
A
g¯αβ −
B
A
φαφβ)
= −A−2Aµg¯αβ +
1
A
∇µg¯αβ −∇µ(
B
A
φαφβ). (19)
Rearranging the results as
∇µg¯αβ =
Aµ
A
g¯αβ + A∇µ(
B
A
φαφβ). (20)
It is obvious that, if we restrict to disformal transformation with B = 0, (19) turns right
back to (12) which is for induced geometry from conformal transformation. (19) looks like a
nonmetricity condition which is of our expectation. Nevertheless, in order to get the induced
geometry, we need to rewrite both sides of this equation with new field variables g¯αβ and
φα, this in fact comes down to rewrite the original Levi-Civita connection in new variables.
This can be done by inserting (18) into the connection, then after some calculation we can
arrive at
{λ
αβ
}
=
{λ¯
αβ
}
−
A′
2A
(δλβφα + δ
λ
αφβ) +
A′
2A(1− 2BX¯)
φ¯λg¯αβ
−
A′B + AB′
2A(1− 2BX¯)
φ¯λφαφβ −
B
2(1− 2BX¯)
φ¯λ(φ¯αβ + φ¯βα), (21)
with the prime denoting the derivative with respect to φ and φ¯αβ = ∂βφα −
{λ¯
αβ
}
φλ.
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The tricky part of this story is that if one starts with [15]
{λ
αβ
}
=
{λ¯
αβ
}
−
A′
2A
(δλβφα + δ
λ
αφβ)−
1
2
φλ
A2(1 + 2XB/A)
(
− AA′gαβ + (AB
′ − 2A′B)φαφβ
)
−
B
A(1 + 2XB/A)
φλφαβ , (22)
then use gαβ = Ag¯αβ+ AB
1−2BX¯
φ¯αφ¯β and X = AX¯
1−2BX¯
to rewrite the original metric in (22) into
new metric, it’s in fact still difficult to get a formula which is described completely by g¯αβ
and φ, for there is always a Levi-Civita connection for the original metric gαβ in term φαβ
which causes the rewriting of field variables into an infinite iteration. The more economical,
or even the only way, to arrive the formula (21) is to proceed the calculation done as here.
This is totally different from what has happened for inducing geometry from Riemannian
geometry by conformal transformation, which also implies that disformal transformation is
a nontrivial generalization of conformal transformation.
Now inserting (21) into the RHS of (20) and rewriting g¯αβ as gαβ for convenience, we
arrive at the new induced nonmetricity condition
∇µgαβ =
Aµ
A
gαβ −
A′BX
A(1− 2BX)
(gαµφβ + gβµφα) +
A′B + AB′
A(1− 2BX)
φαφβφµ
+
B
1− 2BX
(φβφαµ + φαφβµ), (23)
with the new induced affine connection defined as
Γλαβ =
{λ
αβ
}
−
A′
2A
(δλβφα + δ
λ
αφβ) +
A′
2A(1− 2BX)
φλgαβ
−
A′B + AB′
2A(1− 2BX)
φλφαφβ −
B
2(1− 2BX)
φλ(φαβ + φβα). (24)
One should notice that φαβ is understood as φαβ = ∂βφα −
{λ
αβ
}
φλ.
These two formulas, (23) and (24) are just what we look for to define a new geometry.
They are both induced from Riemannian geometry by disformal transformation. The dis-
formal transformation of the metric is just a generalized change of units, thus this operation
on the field variable of the theory does not introduce any new input or new constraint.
Exactly because of this reason we call our finding an ”induced geometry” from disformal
transformation.
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C. Gauge transformation
For a special disformal transformation of the original metric g¯αβ = Agαβ + Bφαφβ, we
have
∇µg¯αβ =
Aµ
A
g¯αβ +∇µ(Bφαφβ)−
Aµ
A
Bφαφβ. (25)
Now we recall that the gauge transformation for metric in Weyl integrable geometry, which
is an induced geometry from conformal transformation, is a conformal transformation of the
original metric. Thus, it is reasonable to infer that the gauge transformation for metric used
to define geometry induced from disformal transformation, is also a disformal transformation.
In fact, if we implement the second disformal transformation to the metric g¯αβ as
g¯αβ = Cg¯αβ +Dψαψβ
= ACgαβ +BCφαφβ +Dψαψβ . (26)
we arrive at
∇µg¯αβ =
(AC)µ
AC
g¯αβ +∇µ(BCφαφβ +Dψαψβ)−
(AC)µ
AC
(BCφαφβ +Dψαψβ). (27)
Through the comparison of (25) and (27), it can be seen that the nonmetricity condition
(27) is invariant under the following simultaneous transformations:


g¯αβ −→ g¯αβ = ACgαβ +BCφαφβ +Dψαψβ,
A −→ AC,
Bφαφβ −→ BCφαφβ +Dψαψβ.
(28)
Then, a further deduction can be made is that, since it is totally induced from (20) which
is equivalent to (25), they must be invariant under the same gauge transformation. Thus,
it seems that (28) is indeed the expected gauge transformation for our induced geometry.
Nevertheless, it should be stressed here that (28) includes only a subset of the total
allowed gauge transformations. To get the whole set of gauge transformation for the induced
geometry, we first rewrite (26) as
gαβ =
1
AC
g¯αβ −
B
A
φαφβ −
D
AC
ψαψβ . (29)
Comparing this with (17) and (18), it seems that one can expect that the inverse metric gαβ
can take the form as
gαβ = Eg¯αβ + F φ¯αφ¯β +Gψ¯αψ¯β. (30)
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However, a detailed investigation shows that, generally, there is no solutions to the constraint
equations set by gαβg
αρ = δρβ , which tells that the inverse metric in form of (30) does not
exist. This will inevitably forbid a successful rewriting of the Levi-Civita connection in
(27) with disformal-transformed metric g¯αβ , thus makes it impossible to define the correct
connection for the induced geometry.
The way out of this dilemma is to notice the fact that we do not take all reasonable terms
into consideration in (30). The term which should not be ignored is H(ψ¯αφ¯β + φ¯αψ¯β). If we
supplement this term into (30) and solve constraint equations set by gαβg
αρ = δρβ , we can
find that there are indeed consistent solutions about E, F,G,H . More importantly, this fact
in turn inspires us that the whole gauge transformation of the metric should be defined as
g¯αβ = Cg¯αβ +Dψαψβ + I(φαψβ + ψαφβ)
= ACgαβ +BCφαφβ +Dψαψβ + I(φαψβ + ψαφβ). (31)
Through some tedious but straight calculation, one can show that, the original metric gαβ
and its inverse can be rewrite with new metric as
gαβ =
1
AC
g¯αβ −
B
A
φαφβ −
D
AC
ψαψβ −
I
AC
(φαψβ + ψαφβ), (32)
gαβ = ACg¯αβ +
AC
ac− bd
[
(BCc+ Ib)φ¯αφ¯β + (Da− Ib)ψ¯αψ¯β
+(BCd+ Ia)(φ¯αψ¯β + ψ¯αφ¯β)
]
, (33)
with a, b, c, d defined as 

a = 1− 2BCX¯ − 2IZ¯,
b = 2BCZ¯ + 2IY¯,
c = 1− 2DY¯ − 2IZ¯,
d = 2DZ¯ + 2IX¯,
(34)
where X¯ = 1
2
φµφν g¯
µν , Y¯ = 1
2
ψµψν g¯
µν and Z¯ = 1
2
φµψν g¯
µν . With these results in hand,
we can rewrite the original Levi-Civita connection with new variables and interpret it as
the induced connection for the induced geometry. Thus, transformation defined by (31)
is indeed the gauge transformation for our induced geometry. The fascinating feature of
this transformation is that it is not a trivial expected disformal transformation but with
additional crossover term, I(φαψβ + ψαφβ).
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For clarity, we rewrite g¯αβ as g¯αβ in (31) to keep correspondence with the notation used
in (23) and (24), then, the gauge transformation of the induced geometry can be extracted
from (31) as follows:


gαβ −→ g¯αβ = ACgαβ +BCφαφβ +Dψαψβ + I(φαψβ + ψαφβ),
A −→ AC,
Bφαφβ −→ BCφαφβ +Dψαψβ + I(φαψβ + ψαφβ).
(35)
D. Generalized Weyl geometry
The induced geometry defined by (23) and (24) can be naturally considered as a gener-
alization of Weyl integrable geometry. Recalling the fact that Weyl geometry can be easily
got by replacing ∂µφ in (3) and (5), which are used to define Weyl integrable geometry, with
1-form field ωµ, we can expect that implementing similar replacement in (23) and (24) will
leads to new geometry which is a natural generalization of Weyl geometry. In order to do
this, we first rewrite (23) as
∇µgαβ = ∂µ(lnA)(gαβ +Bφαφβ)−
BX∂β(lnA)
1− 2BX
(gαµ − Bφαφµ)
−
BX∂α(lnA)
1− 2BX
(gβµ −Bφβφµ) +
1
1− 2BX
(Bφαφβ);µ. (36)
We also rearrange (24) as
Γλαβ =
{λ
αβ
}
−
1
2
(
δλβ∂α(lnA) + δ
λ
α∂β(lnA)
)
+
∂λ(lnA)
2(1− 2BX)
(gαβ − Bφαφβ)
−
φλ
4(1− 2BX)
(Bβφα +Bαφβ)−
Bφλ
2(1− 2BX)
(φαβ + φβα). (37)
Now, we would like to replace ∂µ(lnA) and φα with 1-form field ωµ and χα respectively,
and treat X as the norm of the 1-form field χα. A careful treatment of term
Bβ
2(1−2BX)
φλφα
is needed. In (23) and (24), B is defined as a scalar functional of the scalar field φ and
Bβ =
dB
dφ
∂φ
∂xβ
. However, after the aforementioned replacement is made, the restriction on
B and Bβ does not make sense anymore, thus the meaning of Bβ needs to be specified
individually. In order to be as general as possible, we would like to require that B is not a
scalar functional of other field anymore but a scalar field only, and Bβ is just its gradient.
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Then, the generalized geometry corresponding to Weyl geometry is defined by nonmetric-
ity condition
∇µgαβ = ωµ(gαβ +Bχαχβ)−
BXωβ
1− 2BX
(gαµ − Bχαχµ)
−
BXωα
1− 2BX
(gβµ −Bχβχµ) +
1
1− 2BX
(Bχαχβ);µ, (38)
with its connection defined as
Γλαβ =
{λ
αβ
}
−
1
2
(
δλβωα + δ
λ
αωβ
)
+
ωλ
2(1− 2BX)
(gαβ − Bχαχβ)
−
χλ
4(1− 2BX)
(Bβχα +Bαχβ)−
Bχλ
2(1− 2BX)
(χα;β + χβ;α). (39)
IV. CONCLUSION AND DISCUSSION
For a conclusion, we start from Riemannian geometry and then implement disformal
transformation on the metric. By treating this operation as a gauge transformation there-
fore no new input or constraint is introduced, we induce new nonmetricity condition and
connection to define a new geometry, see (23) and (24). It is in this sense that we say the
new geometry is induced.
The important feature of the induced geometry is that it preserves the affine structure of
the original Riemannian geometry. No matter what geometry (the original or the induced)
is under consideration, the covariant derivative is in fact the same one, but described with
different variables. Concretely, in Riemannian geometry, the Levi-Civita connection is just
itself and described by metric gαβ only; in the induced Weyl integrable geometry, the original
Levi-Civita connection is described by the new metric g¯αβ and A.
Furthermore, noticing the fact that Weyl geometry can be obtained simply by replacing
the gradient of the scalar field in Weyl integrable geometry with a 1-form field, we implement
similar replacement on (23) and (24) to generalize the new induced geometry further. This
operation naturally leads to a new geometry which corresponds to a generalization of Weyl
geometry, see (38) and (39).
A natural generalization of this work would be to consider the usual disformal trans-
formation (15) or even the extended disformal transformation (with a rank-two symmetric
tensor E(αβ)) [16]. One may also establish a disformal equivalence principle along the line
of [32]. Note that in his original work [1], Bekenstein invoked Finsler geometry to motivate
12
the introduction of disformal transformation. It is natural to anticipate that our discussions
here may have connections with the mathematical aspects of the Finsler geometry.
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